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1. Introduction and concluding remarks

Superconformal Chern-Simons theories have become a subject of intensive research recently.
Schwarz [[ll] suggested that Chern-Simons theories without Yang-Mills kinetic term may be
used to describe the NV = 8 superconformal M2-brane world-volume theory. The idea
was crystalized by Bagger and Lambert [J-[] and Gustavsson [{, f] (BLG) who proposed
an N = 8 Chern-Simons theory based on 3-algebra, and gave an explicit example with
SO(4) = SU(2) x SU(2) gauge group. The SO(4) BLG theory can be rewritten as an
ordinary gauge theory [, §|. It is conjectured to be a specific theory of some M2 brane
configuration [g, [Lq].

More recently, Aharony, Bergman, Jafferis and Maldacena (ABJM) [[1] have found
N = 6 superconformal Chern-Simons theories of U(M) x U(N) gauge group, and have
argued that the theories with U(IN) x U(N) gauge group and Chern-Simons level & is the
holographic dual of the M-theory geometry background arising from N M2 branes on the
orbifold C*/Zj,. Especially for k = 1,2 cases, it has been argued that the supersymmetry
is enhanced to N = 8.



On the other hand, with somewhat different motivation, Gaiotto and Witten [[[J] have
constructed a class of N' = 4 superconformal Chern-Simons theories coupled to hyper-
multiplets. The gauge group and matter content are severally restricted and determined
with the help of general classification of Lie super-algebra. In particular, the theory can
come with U(M) x U(N) or Sp(2M) x O(N) gauge group and a single bi-fundamental
hyper-multiplet. In a subsequent work [[J], we have constructed more general N' = 4 lin-
ear quiver-type theories where bi-fundamental hyper and twisted multiplets alternate be-
tween connected nodes. The special case of SU(2) x SU(2) gauge group with both hyper and
twisted hyper-multiplets becomes identical to the BLG theory with enhanced N = 8 super-
symmetry. It was also suggested in [[[3] that the embedding of the Chern-Simons theories
into IIB string theory [IJ] can be T-dualized to make contact with M2-branes on orbifolds.

In this work, we show by an explicit construction that the N = 4 theories with two
gauge groups and both hyper and twisted hyper-multiplets in the same gauge representation
always have an enhanced N/ = 5 or more supersymmetry. Especially those with U(M) x
U(N) gauge group coincides with the N' = 6 ABJM theory. We also find new N = 5
theories of Sp(2M) x O(N) (N > 2) and N = 6 theories of Sp(2M) x O(2). We argue
that the Sp(2N) x O(2N) theory can be obtained by a simple orientifolding of N' = 6
U(2N) x U(2N) ABJM theory and can be regarded as the holographic dual of the M-
theory geometry for M2 branes exploring the orbifold C*/D;, where 2k — 2 is the level of
the Chern-Simons coefficient.

The N = 3 theories can come with arbitrary gauge group and matter hyper-multiplets,
and are not subject to any quantum correction to the Chern-Simons level. The supercon-
formal theory of N = 2,3 theories has been studied extensively by Gaiotto and Yin [[4].
ABJM have shown that the N' = 3 theory with U(M) x U(N) gauge group and a ‘pair’
of bi-fundamental matter field have an enhanced N' = 6 supersymmetry, by arguing that
the theory has a SU(2) x SU(2) global symmetry which does not commute with the SU(2)
R-symmetry. The ABJM theory falls into our category of theories with enhanced super-
Symmetry.

We begin with a brief summary of A" = 4 theories with both types of hyper-multiplets
in section [, and then show by an explicit construction that whenever the hyper-multiplets
belong to the same gauge representation, there is an enhancement of the supersymmetry
to at least A/ = 5. Then we work out the Lagrangian for the theories of Sp(2M) x O(N)
gauge group in detail.

In section [, we study a further enhancement of N' = 5 to N/ = 6 supersymmetry, which
occurs whenever the matter representation can be decomposed a complex representation
(R) and its complex conjugate representation (R), or the matter representation is purely
real. The U(M) x U(N) gauge theory becomes the ABJM model, and the Sp(2M) x O(2)
gauge theory provides a new example of N’ = 6 superconformal field theories.

We could pursue our analysis further and construct general N' = 7,8 theories as well.
From the N' = 6 point of view, enhancement of supersymmetry to N/ > 7 requires that
the representation R be real; the SO(4) BLG theory is such an example. It should be a
simple matter to find or rule out any possibility other than the BLG theory by examining
the classification of Lie super-algebra, but we will not pursue it in this paper.



Given the IIB brane configuration of the ABJM model, it is easy to relate our new
N =5 OSp(M|N) theories to an orientifold of the ABJM model. We elaborate on this
point in section [ Taking the T-duality to M-theory as in the ABJM model, we obtain a
Dy, orbifold C*. Orbifolds of C* preserving N' = 5 supersymmetry were discussed earlier
in [[[§] and very recently in [I].

In appendices, we provide the detailed computations for the N’ = 5, 6 cases and express
the mass deformation of the A" = 4 Lagrangian [[[] in /' = 5,6 language. It shows that
all of the N' = 5, 6 supersymmetries are preserved, while the SO(5) or SO(6) R-symmetries
are partially broken to SO(4) or SO(4) x U(1), respectively. This is somewhat expected
from the mass deformation of the BLG theory [[7, [[§].

We close this introduction with some directions for further study. The 3-algebra struc-
ture played a crucial role in making the BLG model compatible with A/ = 8 supersymme-
try, while the ABJM model at k = 1 is argued to have A/ = 8 without using the 3-algebra
structure. It would be desirable to understand the relation between the two approaches.
A recent paper [[J] has taken a step in this direction (see also [R0-R6]). More work is
required to establish the AdS/CFT correspondence of the Chern-Simons theories. The
relevant topics include extension to N = 4 orbifolds [27, B§], superconformal indices [2Y],
Penrose limit [B{], integrability [B1]], non-supersymmetric generalization [BJ], and partition
function [[f]. Finally, it remains to derive, from first principles, much richer family of
N > 2 superconformal theories with known M-theory geometry 27, B3—B7).

2. N = 5 superconformal theories

2.1 Review of N =4

We review the construction of general NV = 4 superconformal Chern-Simons-matter theo-
ries [, [3]. We start with an Sp(2n) group and let A, B indices run over a 2n-dimensional
representation. We denote the anti-symmetric invariant tensor of Sp(2n) by wap and choose
all the generators tAB to be anti-Hermitian (2n x 2n) matrices such that t4p = wACtCB
are symmetric matrices. We consider a Chern-Simons gauge theory whose gauge group is
a subgroup of Sp(2n) and denote anti-Hermitian generators of the gauge group as (™),
which satisfy

[t ) = frn P,

The gauge field is denoted by (Ap,),, and the adjoint indices are raised or lowered by an

k™" or its inverse ki, of the gauge group.

invariant quadratic form
We couple the gauge theory with hyper and twisted hyper-multiplet matter fields

(qa , wa ; qa, a) satisfying the reality conditions
@G = (g =ePwapef,  bi=@whHi = 6d6WAB¢BB, (2.1)

and similar conditions for ¢4 and 4. We use (a, §; &, ) doublet indices for the SU(2), x

SU(2)r R-symmetry group. We also have the inverse tensors, w45 s €aBy €4 Such that, say,

CB _ 5AB

wACcw , and €*e, 53 = 50‘6



Both types of hyper-multiplets share the same gauge symmetry, so the structure con-
stants f™", and the quadratic form k™" are identical. But, they can take different repre-
sentations in general N' = 4 theories. For N' > 4 supersymmetry, however, the two types
of hyper-multiplets should be combined together into a bigger multiplet, so they have to
take the same representation.

In the construction of ref. [13, 3], N = 1 super-field formulation was used and condi-
tions on the super-potentials for enhancement to N' = 4 was examined. It was found that
there is essentially one constraint equation (called “fundamental identity” in [19]),

where the expression is summed over the cyclic permutation of indices B, C, D. When this
condition is satisfied, all ' = 1 super-potentials are uniquely determined, and we end up
with an N = 4 theory.

Following [[[d], we introduce the “moment map” and “current” operators,

— A — A — A
Mranﬁ = tZLBqa qBB, ,U:xnﬁn = (tmtn)ABqa qﬁB7 ];na = tZLBw57
“m _ sm ~A “mn (i A~ _~A
i = Uhpdias , = (") aBG4 a5 Too = Gatiipta- (2:3)

Using these notations, we can write down the Lagrangian of general N/ = 4 superconformal
Chern-Simons-matter theories in a fully covariant form [[[J],

£ = T (ban A0, A3 + 2 franp A AL AT

1 i 1 A B g A
+5wan (—eaﬁDqADqg 1 ieByph ;pﬁ) + 5wan (—eaﬁDqADqg + zeaﬁwggpw;?)

— 1Tk € & TN 4 Arik, . €Ve B8 ym. 7

af 'y(5 m n
JenThs T3

Jovs s

+Z7Tkmn < ay 55 m ¢’/Y4tAB¢5 +€aﬁ/ 66# ¢:?tAB¢6)

7.‘.2 2

T L ™ () ) = T g ()5 () )

2 (1Y () % (1) 72 () () ) - (24)

— i Kmn€

The supersymmetry transformation law reads,
(5(]&4 = +i77ad1/faAa 5q~§ = _Z‘nad&é? 6“421 = 271-1‘77&&7/1(]2& - jg}a)v
27
s =+ pac + ?am)Aqu(um)ﬁa} W — 2t paf ) a,

0 = = [Pt + @ B .+ 2n ) b, 29
The spinor parameter N satisfies the reality condition

() = 1% = Pezang’ (2.6)



In ref. [(J], it was noticed that the fundamental identity can be understood as the
Jacobi identity for three fermionic generators of a Lie super-algebra,

[M™ M"] = [ MP, [M™,Qa] = Qp(t™)5,  {Qa,Qp} = t4pMp . (2.7)

This turns out to be a rather strong constraint on the field content of the theory. Namely,
the gauge group and matter should be such that the gauge symmetry algebra can be
extended to a Lie super-algebra by adding fermionic generators associated to hyper-
multiplets.

The notion of Lie super-algebra characterizing N = 4 theories will be useful throughout
the rest of the paper, as we investigate the conditions for enhanced supersymmetry (N > 4).

2.2 General construction

A necessary condition for supersymmetry enhancement is that the two types of hyper-
multiplets in the N' = 4 theory take the same representation of the gauge group. In this
section, we will show that this is also sufficient for enhancement to A/ = 5. In other words,
for any (extended) N = 4 Gaiotto-Witten theory, if the two types of hyper-multiplets are
in the same representation of the gauge group so that "}, = fﬁ"”B, the supersymmetry is
automatically enhanced to N' = 5.

The lift from N = 4 to N = 5 is an exercise of embedding the R-symmetry group
SO(4) = SU(2)r, x SU(2)r = Sp(2) x Sp(2) into Sp(4) = SO(5) in the standard way. We
combine the N/ = 4 hyper and twisted hyper-multiplets to form A = 5 multiplets,

A TA
oA = (Zj) . U= (Z;g) . (2.8)

The reality conditions can be rewritten in the N’ = 5 covariant way as
B = (0)' = C¥wap®f,  Wo = (V) = CVuwaplf, (2.9)
where the invariant tensor of Sp(4),
af 0
6 _ 6
coB — ( . Edﬁ> 7 (2.10)
can be understood as the charge conjugation matrix for the SO(5) Clifford algebra in
a suitably chosen basis. The “moment map” and the “current” operators also take the
N =5 form,
m = thpda0F = (M apRARE, Tl =thp0lvE . (2.11)

After a slightly lengthy algebra (see appendix [A]), we can uplift the N' = 4 Lagrangian (.4)
in the N/ = 5 Lagrangian,

61“/)\ m n 1 m n AP
L= (Fmn AL O AR + 3 Frnp A} AL A
1 e A A . « é m gn m gn
+5wanC P (=DRLDPE +iVAPVE) — imkpynCOPCY (T2 Tfs — 2T T35)
27T2 myo n\G3 P\Y 37T2 mny\y « B
g frnp (M) (M) (MP) g + == (M) (Min) % (Ma) (2.12)



and the supersymmetry transformation law,

5<I>A = inaﬁkl’é ) 5A/T = 27Tin°‘67uj(% ,

50 = | ped+ 2 ) M | — ) B MY (23)

The parameter 7,3 satisfies
g = —Npas () = —CCPn5,  CPnag=0. (2.14)

2.3 OSp(N|2M) example

Symplectic embedding. Let us denote the generators of O(N) and Sp(2M) as My,
and M_;, respectively. The invariant anti-symmetric tensor of Sp(2M) is denoted by w,;.
We denote the bi-fundamental matter fields ®2, U4 by

paa gad (2.15)

We choose the symplectic invariant tensor wap as w,, ,; = dab - w,;- The matter fields obey
the reality condition of the form

(I)ga = (‘ngl)T = 5abwa[70aﬁq)%i), (216)

and similarly for the fermions. In the following the O(N) vector indices are raised or lowered

sloppily while the Sp(2M) vector indices are raised or lowered by w,; and Wi, Later we

find it convenient to regard the matter fields as IV x 2M matrices and omit the indices.
From the commutation relation of OSp(NN|2M) generators,

- 5bc ad — 6bdMac - 5achd + 5(1de07

[ abs M, ]

(M Myl = wie Mg + wiiMae + wae My + w, i M.
]
]

[ abs Qcc - 5chac - 6aché7
(M, ab Qce] = wach + Wchca )
k
{Qaaa Qb } = (w y Map + 5abM[15)7 (2'17)

one can read off the representation matrices on matters,
(tab) ee.ad = Wed (FacOvd = Gaddoe) s (Lap) e ad = —Oed(Wacwpj + wswie) (2.18)

and the quadratic invariant tensor (Chern-Simons coupling)

fabed — 87(5“05bd—5“d5bc), ket = sﬂ(wacwb”wadwbc) (2.19)

Lagrangian. The kinetic terms for matters are given by

1 _ _
Liin = 5tr (=D DD, + iW°PT,) . (2.20)



We normalize the gauge fields for each gauge group O(N) and Sp(2M) as
Lo 1 a j b
Aoy = St A, Aspn) = 5l (W A). (2.21)

Then the Chern-Simons term becomes
pvp
4k

2 - - I
Log = ——tr (—AH&,AP—gAHA,,Ap+AH8,,AP+ AuAl,A,,). (2.22)

2
3
The Yukawa and bosonic potential terms are computed by substituting the following ex-
pressions into the currents and moment maps,

(jab)aﬁ = (q)aqjﬁ + \Ilﬁci)a)aba (jai))aﬁ = ((I)a\Ilﬁw + \Ijﬁq>aw)ai)7 (223)
(Mab)aﬁ = ((I)a(i)g + @g(i)a)ab , (M[zb)aﬁ = ((T)atﬁﬁw + (i)ﬁq)aw)ab , (2.24)
and so on.

For the computation of the interaction terms, it is useful to write the currents (.23)
and the moment maps (R.24) into the trace form,

(Tab)ap = —tr [¥prap®a] , (Tyi)ap = tr [WsPaty;], (2.25)
(Mab)aﬁ = —tr [(i)ﬁTab(I)a] R (Mdb)aﬁ =tr [(i)ﬁ@ale;] , (2.26)
Similarly, we also have
(Mabca)ag = +tr [PsTeatar®a]
(Mpap)ap = —tr [PaTasPaTy] |
(M ed)ap = +tr [P5PaT,;7;4] - (2:27)

Here 74 and 7,; are the matrices in the defining representation,

d = —wdé5gl — wb.éd. (2.28)

(Tab)cd = 5a06bd - 5ad(sbc; (Td{})é cVa

Using the completeness relations, we can rewrite the product of traces into a single trace,

kab,cdtr [XTab] tr [YTCd] = —%tr [X_Y—] 9
fibedgy [XTdi)] tr [YTC.J] = +§tr [(X+Yy], (2.29)

where X_ and X are the projections of X satisfying X7 = —X and (Xw)T = +Xw.
Some straightforward computations give the “Yukawa coupling”,’

" - - - - - - ~ -
£Yukawa = +%tr [_\Ijﬁ<1>aq)aqjﬁ + \I’ﬁq)aq)a\l’ﬁ + 2\I’a<1>5<1>a\1’5 — 2\I’ﬁ<I>a(I)ﬁ\Ifa
—ike® oty [0, T sd., Ts] | (2.30)

I'We are slightly abusing the term “Yukawa” to denote (2 fermion + 2 boson) quartic couplings.



and the bosonic potential,

k? Cp e = e g =
-V = Etr{@a@ﬁtﬁgqﬂ@fﬁa + 0, 0P 0P, D7
+4930°0, 079,37 — 60.,07D;0°D, D1} . (2.31)

In the computation of these we used the Sp(4) identities

90 = 0B 4 0P 4 0P (2.32)
PP por = 6300300 = 3 (95CT Cop + 6)CY Cop +83CTCyr ), (233)

and an equality which follows directly from (P.33),

0 = tr{—0, P’ P307D, 3% — 3,050 D, D7 — 302D, 0 D,DY + 30, D7DPD, b
+30,0°DP., DY — 30,00, D077 + 30207 P1D, D, s} . (2.34)
In summary, the full Lagrangian for the O(N) x Sp(2M) theory is

pvp 2 ~ ~ 2 - - -
L= Z—ktr (—A“&,AP — SAAA, + 4,0, 4, + gAHA,,Ap>

1 _ _ _ _
+5tr (—Du@ D 0y + iU PW,) — ike™P 0Ty (B U D, Us)
T S o - -
—I—%tr (—%%MW + V50,0 + 20,350 0F — 2\11%0‘%%)
k2 . o g
Lt (2.870,8719,5° + £ 303570, &7

40550, 570,87 — 60,8108, P ) . (2.35)

Supersymmetry transformation rules. The N/ = 5 supersymmetry transformation
rule for OSp(N|2M) model is given by
6B, = in, Vg,
ik = = ~ ik = -
§A, = Enaﬁ%(@aqu +Ugd,), 64, = Enaﬁw(%qfﬁ + Ugd,),

2k - - 4k = =
0 =P, + ?@[@6%} + 070, D)1, — 3 (P® Py + ©7P.Pg)1’, (2.36)

3. N = 6 superconformal theories

In general, the Gaiotto-Witten construction we reviewed in section 2 assumes that the
matter fields form a pseudo-real representation (R) of the gauge group; see the reality con-
ditions (R.T]). If R can be decomposed into a complex representation (R) and its complex-

conjugate representation (R), then the AV = 5 supersymmetry is further enhanced to N' = 6.



3.1 General construction

The construction is an exercise of embedding the R-symmetry group SO(5) = Sp(4) into
SU(4) = SO(6). The N = 5 fields are decomposed into N = 6 fields as?

o4 Cop P4
O s = @ ), (Tl = . 3.1
(@d)n=s (cag@ﬁ> (U= (_%A (31)
With the symplectic invariant tensor,
0 647
(WAB)N=5 = A 4 ) (3.2)
—6“p 0

the reality conditions reduce to
(@) =%, (I = Taa, (3.3)

which is consistent with the following assignments we need for the lift to /' = 6.

N S

Gauge | R R R R (3.4)
SO(6)r| 4 4 4 4
The gauge generators are written in a block diagonal form as
tAg 0 0 tBy
tA B\ Nes = t 5= — 3.5
( B)N—5 ( 0 —tBA> ) ( AB)N—5 <tAB 0 ) ( )

and the fundamental identity in the A/ = 6 notation reads
(™) 5 (tm) D + (™) p(tm) 5 = 0. (3.6)
The “moment map” and “current” operators have the decomposition,
(M™% = —(M™)% — C*Ca (M™);, (3.7)
(an)aﬁ — _(an)aﬁ + Caécﬁfy(Mnm)’Yé7
(T™)ap = (J™)ap — CarCas(J")"°,

where we introduced the N/ = 6 covariant quantities

(M™)% = B4(t™) 25, (M™™)% = BH(A™ ") R ®F (3.10)
(J™)as = 5 (™) 5Psa, (J™) = @5 (¢m) TP (3.11)

To rewrite the N’ = 5 Lagrangian of the previous section in an N' = 6 covariant form,
we have to make sure that all references to C,g disappear. Using the Sp(4) identity (2:39)

CBCY L cvedB L g By = (B0 ,

2To avoid introducing new set of indices in every page, we are recycling not only the «, 8 indices, but
also the A, B indices. They run from 1 to 2n in A’ = 5 formulas, but 1 to n in N' = 6 formulas. Hopefully,
the context would make it clear which notation is being used.



we can remove all C,g at the expense of introducing €,g,s which survives the lift. After
a slightly lengthy algebra (see appendix []), we obtain the N' = 6 lift of the N' =
Lagrangian,

LU B B
[ = 647 <kmnAma AT 4 fmnpAmA"Ap> — DIGDDA + iV 4 PTA
+im [Z(Jm)“ﬁ (J™)ap = 4(Tm) P (J™) o + €77 (Im)ap (T )6 + €apys(Jm)* (J7)°
47T2 my« n mn\o
=g Founp (M) (M"Y (MP) Y, + 4 (M) % (M), (M) (3.12)

and the supersymmetry transformation law,

6D} = —inag W, SAT = 2mi (107, (T Vo + M)

27 47
swte = [ po = Z ) g ), | e 4 ) e o
2m afBvyd A B m\p
=T (1) B (M), (3.13)
The parameter 7,4 satisfies
. 1
Mo = —Mga (1) =55 (3.14)

3.2 U(M|N) example

Symplectic embedding. Let us denote the U(M) and U(N) generators as Mg, and Mg,
respectively. Here the indices without underlines indicate fundamental representation while
those with underlines indicate anti-fundamental representation. For the present model, the
complex matter fields ®2 and ¥A* are described as

O = (D), A = (), (3.15)
and their complex conjugate fields as
= (B, Waq = (Ta)™. (3.16)
Hereafter we omit the indices a, a,a, & and regard ®,, V* as M x N matrices. We choose
the symplectic invariant tensor as

Wag,ib = ~Wib,aa = Oabdpg - (3.17)
From the commutation relation of the Lie super-algebra U(M|N)

[Maba C_?c_é] = +5cbcga_éa [Mabv 6_2 é] = aCch7 [Maln Mcd] = 5chad - 5(1nd§7
[Maban'g] = _5agQéba [MabaQ ] = +5cha07 [Mab7M ] 5é§Mad - 5[14'Mc'§7

(Quas Qi) = o (55 Mas + 05 M) (3.18)
one reads off the representation matrix of gauge group on matters
(taé)cg',dgl = —5@(5@5&4 y (taé)cg,dg = 5@5@5@ y (319)
and the quadratic invariant tensor
pabed — _ K saaser  pabed _ K sadgseh (3.20)
’ 2 ’ ’

— 10 —



Lagrangian. Once we normalize gauge fields for each gauge group U(M) and U(N) as
Apony = tap A, Ayyy =t A%, (3.21)

it is easy to write down the Chern-Simons term and the matter kinetic term in the matrix
form. To express the remaining interactions in terms of matrix fields ® and W, it is useful
to write the currents and the moment maps in the trace form,

(Jab)ap = tr[®a ¥ 37ap), (Jap)ap = —t1[@at,; W5l

(Jap)*? = e[ PPy, (J.;)*8 = —tr[0Fr,, &°],

(M) = tr[@a0 Ty, (My)% = —tr[@p7,; 27, (3.22)
(Mab’ci)aﬁ = —|—tr[<I)ﬁ<T>aTangcd],
(M, 4)5 = —t2[Pp7,; @ 7ap),
(Mg 00)p = +t2[ 57,4732, (3.23)

The products of traces can be simplified using completeness relations

Kby [ X7 Tor[Y 7oy = —2ﬁu~[XY], Ry [ X7 Jer[Yr, ] = ;tr[XY]. (3.24)
- - T 2 ¢ T
To summarize, the full N' = 6 supersymmetric Lagrangian for the U(M) x U(N) theory is

P

£="%

2 I S
tr (AuaVAp + A A~ A0, A, - gA,H4W4p>
—tr (DB DD~ iy Dy U™) —ike™ Pty (00 5®, W) +ikeasstr (S0 707)
—iktr (B0, W07 — 2,8 W+ 257V Dy — 20, D0
1 e 4 I
5k (2.8°037 0,87 + B0, 037D, ) + Kt (2.87048°0,7)
~2h%r (9,870 87D, 87) . (3.25)

The bosonic part is precisely that of the ABJM model [[J] and the Yukawa term agrees
with that obtained in ref. R7]. Note that the A' = 6 Lagrangian above looks almost
identical to the N' = 5 Lagragian (R.35) of the OSp(/N|2M) model, except for the reality
condition (R.16) for the latter. It follows that the moduli space of vacua of the OSp(N|2M)
theory should be that of the U(N|2M) theory modded out by the reality condition. We
will come back to this point in section 4.

Supersymmetry transformation rules. For scalar and gauge fields, one find

5D = —inap¥’, 04, = k("7 @aVs + Nagy T %),
5%1” = ik(naﬁfyu\ilgfﬁa + naﬁfyu@alllﬁ) . (3.26)

The supersymmetry transformation rule for fermions now becomes
a 2k = o Ak, -, 2k _
SO = 1D, 0, — T (@800 7 + (B30 ) — e (05000, ), (3.27)

in agreement with a recent independent work [Bg].
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3.3 OSp(2|2M) example

We now describe new N = 6 superconformal Chern-Simons theories for the super-algebra
OSp(2|2M). The commutation relations were already discussed in section 2.3.

Symplectic embedding. U(1) = SO(2) and Sp(2M) generators are denoted by M, _
and My, respectively. Matter fields @4 and WA are denoted by

= (®,)Te, VAN = ()t (3.28)

«

and their complex conjugate fields by

é% = ((I)a)ﬂn Viaa = (‘Ija)—l—a : (3.29)

For clarity, we hereafter suppress the U(1) and symplectic indices of the matter fields. We
choose the symplectic invariant tensor to be

Wia,—b = W—q.+b = Wab (3.30)

and the representation of gauge group on matter fields to be
(tr—)—a+b= —(t+-)ta,—b = Wab (3.31)
(tab)+e,rd = —(Wacwbd + WadWhe) - (3.32)

The canonical expression used in section 3.1 can be obtained by

(tm) % (t4—) Ty = W (b ) e = 0%,

(tab)-i__fd = w+c’_f(tab)_f’+d = 5Cawbd + (5cbwad . (333)
The quadratic invariant tensor for OSp(2|M) reads

k k
- _ _ ab,cd - _ ac, bd ad, be 4
k el - (w W+ Wy ) . (3.34)

Before closing this paragraph, let us present some useful quantities to be used below,

(t-l-—t—l——):l:a,:Fb = Wab,
(tabted)+frg = — (WafWheWdg + WhfWacWdg + Wa fWhdWeg + WhfWadWeq)

(to—tap)te,rd = (tapt+—)+e,7d = T (WacWpd + WadWpe) - (3.35)
Lagrangian. In our convention, we obtain the kinetic terms for matter fields
Lign = —D'®oD,®% 4 iV D, U, , (3.36)

together with the Chern-Simons term

ehvp ehvp ~ ~
£CS = —%Aua,,Ap + —tr <A“8VAp +

- Au/LAp> . (3.37)
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Here we normalized the gauge fields as
- 1 -
Ay =t-A, Agpean = StanA”, (3.38)
As usual, explicit expressions of the Yukawa interactions and scalar potentials can be easily
computed once we substitute the moment map and current operators for the present model,

(M-I-—)dg' = +((I)ﬁ§>a)v (Mab)aﬁ = +(§>aq)ﬁ)ab + ((I)aq)ﬁ)baa (3'39)
and
(']+—)oe6 = +(<I>alijﬁ)v (Jab)aﬁ = +(\Ijﬁq>a)ab + (\I’B(I)a)bay
(J4_)* = +(0Po) | ()P = +(D2T7) 4y + (BVTP),, . (3.40)

As for the symplectic summation convention, we take ®;®y = @%tfga.
In summary, the full Lagrangian is £ = Lyin + Lcs + Lyukawa + Lpotential, Where

Lyin = —D'®,D,®* + iV*y*D,V,,,
ehvp chvp N
ECS = _WANOVAP + Etr <Au8,,Ap + gA/JAI/Ap> 5
Lyvuama = —ik (@axifg SBT3 TP — Bl \Ifﬁwéa)
121k (@0 T DB — 0,37 - WOT — BT - T’
. aBye = = 1 = <
—ike ™ (@ - B, W5 — S Pawd, - gl

_ _ 1-
—ikeaprs <\If5<1>0‘ SO — 5 Pwd \Ifﬁw\I’6> :

5k2

Epotontial = —3k2 ((f)awtfﬁ . (I)Igfi)’y . (I)»qu)a> + T (‘I)a(i)ﬁ . (I)g(i)ﬂy . CI)-y(i)a>
_ _ _ k2 _ _ _
~2? (9,87 - 0P - 2,8%) + = (2a0- @587 2,87) . (3.41)
Here we used the notations
<I>1w<I>2 = (I)lllwabq)g, (i)lw(i)g = (i)lawab(i)gb . (3.42)

Supersymmetry transformation rules. The N = 6 supersymmetry transformation
rules for OSp(2|M) model are given by

0%a = —inag¥’, 6A, = —ik(1"7 7, @0 Up + 157,07 P%),
0AY = —ik(1*P 7, U p®a + apy, B W) . (3.43)

and

2k - k-
ST = <7uDu<I>~/ - ?<1>[5q>5 D+ §w<1>5 : q>ﬁwq>,y> e
Ak - 2k -
+ <§<1>ﬁ<1>a (B = Wl <I>5w<1>,y> n?

2% - koo
4870 (F@ﬁqﬂ’ P, — gw@” : <I>gw<1>7> Nop - (3.44)
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4. IIB orientifold and M2-branes on orbifold

In [I]] it was argued that the N’ = 6 U(N) x U(N) ABJM model with CS coupling k
is the world-volume theory of N M2-branes in orbifold C*/Z;.> Here we argue that our
N = 5 theory with the gauge group SO(2N) x Sp(2N) and the CS coupling 2k is the
world-volume theory of N M2-branes in orbifold (C4/Dk+2, where ﬁk+2 is the binary
dihedral group with 4k elements.

Our arguments closely follow that of [[[1]]. We take the orientifold of a Type IIB brane
configuration realizing the ABJM model, and consider its M-theory dual. We show how
the orientifold breaks supersymmetry down to A/ = 5 from the viewpoint of M-theory
geometry as well as the world-volume field theory.

Brane construction of ABJM theory. The ABJM model with gauge group U(NN) x
U(NNV) can be embedded in IIB superstring theory in flat spacetime with compact z¢ direc-
tion. Consider N D3-branes(0126) intersecting with an NS5-brane(012345) and an (1,k)
5-brane(0123’4’5") at different points on the S!(zg). The directions 3',4’,5 are given by
rotating 3,4,5 by the same angle 0 in the planes 37,48 and 59 respectively. The D3-brane
world-volume theory is a N' = 3 U(N) x U(N) Yang-Mills Chern-Simons theory which
flows to the ABJM model in the IR limit.

T-duality along the xg direction followed by an M-theory lift gives a theory of N M2-
branes. The transverse space is a fibration of T2(Zg,x19) over RS(z3, x4, z5, 23/, 247, T57).
The 5-branes turn into Taub-NUT type geometry after the duality chain. The M-theory
geometry is given by a Zj orbifold of the product of two Taub-NUTs, where the Z;, is the
simultaneous translation along the two S! fibers by 1/k-period. Thus the ABJM model
describes N M2-branes at the orbifold C*/Z,.

The four bi-fundamental scalars in ABJM model, which we denote by (¢1, ¢2, d3, d4)
here, are identified with complex coordinates of the orbifold. As an example, for N = 1 the
scalars (¢;) are complex numbers. The U(1) x U(1) gauge fields removes one dimension of
the moduli space through gauge equivalence and adds one back through the dual photon.
The net effect is the Z;, orbifolding.

a g — 2R, (4.1)

The SU(4) R-symmetry of ABJM model has a geometric interpretation as the subgroup of
transverse SO(8) rotations which commutes with the Zj orbifolding.

Introduction of orientifold. Back in Type IIB setup, introducing the O3-plane on top
of 2N D3-branes with one NS 5-brane and one (1,k) 5-brane gives an SO(2N) x Sp(2N)
gauge theory [BY. The type and the charge of the O3-plane change across either type of 5-
brane so that we have the gauge group SO(2N) x Sp(2N). This is explained in detail [[(].
Following the chain of duality to M-theory, one finds that the orientifold turns into an
orbifold (/) that flips all the coordinates (3,4,5;3,4’,5';6,10). Since the directions 6 and

3To avoid confusion, note that the letter “4” used in earlier sections (2.3, 3.2, 3.3) of this paper is
inversely related to the integer-quantized Chern-Simons level k of this section.
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10 make the phase directions of the fields ¢; and [ reverses them, (8 should act anti-
holomorphically on these fields. Also, if one requires that the origin is the only fixed point
under 3, the action cannot be involutive.

Let us recall the simpler system of O6~-plane and k& D6-branes that uplifts to the M-
theory on ﬁk+2 orbifold. The generators «, 3 of the orbifold group ﬁk+2 correspond to the
1/2k-period shift along the M-theory circle and the orientifold, respectively. They satisfy

=1, f2=d*, pafgl=a"l. (4.2)

So (@ squares to the half-period shift along the M-theory circle. If the same rule applies
to our case, then 32 should flip the sign of all the fields ¢;. From anti-holomorphicity and
(3?2 = —1, the action of 3 on fields should be of this form

ﬂ : (¢17¢27¢37¢4) I (¢§7_¢>{7¢Z7_¢§)7 (43)

up to a linear redefinition of fields. This is equivalent to the reality condition of matter
fields in A/ = 5 supersymmetric theory of section P. involving the matrix Cop. This new
orbifold element breaks the transverse rotation symmetry further to Sp(4) ~ SO(5), in
consistency with the supersymmetry of the world-volume theory.

Orientifolding the field theory. As noted in ref. [[I], the ABJM model written in
d = 3, N' = 2 super-field notation closely resembles the conifold theory [[]] in d = 4,
N = 1 notation. The reason is that both theories have dual descriptions in terms of D-
branes winding around a circle and intersecting with two 5-branes at different points on
the circle. Also, the two 5-branes are tilted relative to each other in both theories, albeit
in somewhat different ways.

Here we argue that the orientifold action ({.J) can be obtained by the standard open
string analysis. The bi-fundamental matter fields of ABJM model arise from the open
string connecting a pair of D-branes separated by a 5-brane. The orientifold projection on
those fields should be independent of the relative angle of the two 5-branes.

We start with the conifold theory described as U(2N) x U(2N) gauge theory with two
bi-fundamental fields 4; (2N,2N) and B; (2N,2N) and the super-potential

W = Tr(A, BoAsBy — A1 B1AyBy). (4.4)

One encounters the same super-potential when writing the ABJM model in d = 3,V = 2
chiral super-fields A;, B;. Their lowest components are combined into an SU(4) multiplet,

(AN . [y
oo (4). o= (). "

The orientifold of the conifold model relevant for our discussion was discussed in section
4.3.2 of [49]. This is the only orientifold model which gives the right gauge group SO(2N) x
Sp(2N) to match the N=5 theory of our interest. There it was shown that the orientifold
acts on the matter fields as the Zo identification

A =BIJ=A, Ay=-BlJ=B. (4.6)
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where J is a matrix form of the anti-symmetric invariant tensor of Sp(2/V) satisfying
J? = —1. The reason why we should impose the condition J? = —1 instead of J> = 1 on
the Chan-Paton factors is explained at [[iJ]. The resulting theory is an SO(2N) x Sp(2N)
gauge theory with two bi-fundamental fields A, B and the super-potential

W =Tr(ABTBAT — BBT AAT). (4.7)

One can see that ([L.§) is nothing but the reality condition on the field ® of section .3 up
to a trivial change of basis.
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A. Details of computation

A.1 The N =5 case
Yukawa term. We start from the “Yukawa terms” of N' = 4 Lagrangian (B.4). By
applying the fundamental identity for ¢t to the last two terms we get,
Ly = imeer’ {—(qatm%)(%tm%) — (Gat™ Py (@stm®s) + A(gat™ ) (@stmip)
- (Qatquﬁ)(q'ytqué) - (gatm¢ﬁ)(g7tmw6)
- (QOztml/;&)(Q'ytml[}ﬁ) - (@atm%)(%tmlﬁﬁ)} .
Here we dropped dots on indices as there is no confusion. Now we replace the two terms
in the second line of the r.h.s. with similar terms with 3,7y exchanged. This effect can be

cancelled by doubling the two terms in the third line once the fundamental identities for
€8 are used, and we get the following

Ly = ine? " { ~(gat™ ) @stmtis) = (Gt ) @stmils)
— (ot ) (gstmbs) — (Gat™5) (Gstms)
— 2(qat™5) (@ tmths) — 2dat™5) @y tmths) + A(aat ™) (Gstmils) |
= —inkmnC*PCY { T T g5 — 2T T} - (A1)
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Potential. We begin by collecting some useful formulae. We start from

0 = (1) %) (1) o+ (™) g )% ) A+ ()3 () (1)
= 200™)% (1), (1) o+ (™) (1) (1)
= Fomn (7)™ (") A+ 208 (1) % (1) e - (A.2)

Similar equalities hold if some q are replaced by ¢, which we express by putting dots to the
indices. Putting dots to 3 we get

0= 2(#’”")‘}(%)5 () + (™) 5(1m) % (kn) s - (A.3)

Putting dots to o we get

0 = 205 % (1), () s+ 208 g m) % () s+ 201 g () (1)

= (™) ()%, (i) o 3™ 5 1) ) g+ S (™) 5 () (1) - (A4)

Here the first term was rewritten using (,um")aﬁ- = —(u"™m) ﬁ-a and ([A.3), and the third term

was decomposed into symmetric and antisymmetric parts in mn. Now consider

I = 2finp(M™) (M) (MP) g + 9(M™™) (M), (M) 5. (A5)
Expanding this into p’s and using ((A-4) and (A-2) we find
T = =2 Fop (") 8 = % P ™) 1)
() i) (1) T+ 15087 (p) s (1) (A.6)

Hence the potential term in (R.4) is Lpot = —V = 721/15.

Supersymmetry transformation. Let 1,4 be the parameter of N = 4 supersymmetry.

We define n4q = —7aa, and introduce the 4 x 4 matrix valued spinor
¢
R 0
il = ( 5 ) : (A7)
Ne,

Rewriting the N' = 4 transformation law (B-H) in terms of Sp(4) multiplets ®2, ¥4 and
ﬁaﬁ , we easily obtain (2.13).

Sp(4) R-symmetry. The R-symmetry acts on matter fields as

1A

oy = Ufed, vl = USuj. (A.8)

U is unitary and satisfies U* = CUC™!, UTCU = C. They are equivalently SO(5) spinors
with charge conjugation matrix C. The N = 4 supersymmetry parameter 7) satisfies,

chct =qT, () =0ChCt, T[] =0, Tsils=-7, (A.9)

where (Fg,)aﬁ = diag(+1,+1,—1,—1). The Sp(4) R-invariance removes the last condition
and uplifts the supersymmetry to N = 5.
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A.2 The N =6 case
Yukawa term. Substituting (B.9) in the Yukawa terms of the A" = 5 Lagrangian (R.13)
and expanding, we get the N' = 6 Yukawa term Ly = imly.
Iy = 2(J")ap(Jn)™ = 4(J")ap(Jn) "
H(J")ap(In)ys (204 CHT = CVCR) 4+ (") (J1) " (2CasCy — CarCps)- (A.10)

Using the fundamental identity (B.6) and the Sp(4) identity (R.32) we get the Yukawa terms
in D).
Potential. The potential term is Lo = =V = 721/15, where

I = 2 frnp (M™) (M) (MP)y, 4+ IM™ ) (M) 5(My)’, = 21 + 9T, . (A11)
Substituting (B.7) and (B.§) we obtain the intermediate results,

26 = —4fmnp(Mm)aB(Mn) (MP)7, + 12fmnp(Mm)a (M n)ﬁvcw(Mp)UPC”a’
91y = —36(M™")7 (M™)%(M™)5, + 36(M™™ ) (M™)*C(M"),Coa.  (A.12)

In the right hand side of both equations, the first term is itself SU(4) invariant. The
remaining terms, which we denote as 12X; and 36X2, should combine into an SU(4) in-
variant. To see this, we introduce a new SU(4) invariant term and decompose it using the

identities (R.32) and (B.6),

Z = €apys€™T(M™)P (M), (M,)°, = 4X5 — X5+ 2X4+2X5,  (A.13)
X3 = (My,)%(M, )? O (M™) Coa (A.14)
X, = (M) ,Y(M"m)aﬁcﬁp( n)pCoa s (A.15)
X5 = (M) (M™™)%C% (M) Cora (A.16)
Inserting f™",tP = [t™,t"] into different ¢™ factors in X1, one can show

Xi=Xo+X3=—-Xo+ Xy =—Xo+ X5, (A17)

from which one can easily find 12X; 4+ 36Xy = 47 as expected. Note also that

Z = (Mm”)ﬁp(Mm)“’o(Mn)‘ST {5%5?,55 + (5 other terms)}

= ATe(M™" M, M,,) + 2Te(M™" M,,M,) , (A.18)

where the trace is with respect to the SU(4) indices and the fundamental identity was used.
The potential term Lyt = =V = 721 /15 finally becomes

= — 4 Tr(M™ M MP) + 44T (M M™ M™) + 16Tr(M™" M, M,),)
= A0Tr(M™ My, M) + 20T (M™" M, M,,)
= 60Tr(M™" M,, M,) — 20 f™"PTr(M,, M, M,)

4 2
Lot = 4m2Tr(M™ My, M,,) — % £y (M, My, M) . (A.19)
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B. Mass deformation

In this section, we present a supersymmetry preserving mass deformation of the N' = 5
and N' = 6 theories. It was shown in [[J] that the extended Gaiotto-Witten theories
allow a mass deformation which preserves the whole N' = 4 supersymmetry and SO(4)
R-symmetry.

The mass deformation adds the following terms to the Lagrangian [[J],

wA CB A~ . ¥ . TAT
Emass = _TB <m2€aﬁq£qﬁB + m26a6qg‘q6'B + Zmeaﬁ¢£¢g - Zmeaﬁwé¢ﬁB)
2w - ~n Bé
=Sk { () () = (™) a7 | (B.1)

and the supersymmetry transformation rules,
(Smausswéz4 = mqgnadv 5massqz£ = m(jdAnad' (B2)

We will generalize this result to the NV =5 and N = 6 theories of this paper. We will find
that supersymmetries are all preserved, but the R-symmetry gets partially broken.

N =5 mass deformation

Using the notations introduced in section R.9, the N' = 4 mass deformed Lagrangian (B.1)
is rewritten as
Laes = — 222 (mP0ACOP0f — imw l(CT5)*Pw )

2
2mm

FI M) (M) (D), (B.3)
where the matrix I's is defined by (F5)aﬁ = diag(+1,+1,—1,—1). The mass deformation

to the supersymmetry transformation rule is
om ¥ = m(Ts5) . n, 5. (B.4)

The explicit dependence on I's implies that the SO(5) R-symmetry is broken down to the
SO(4) subgroup. Nevertheless, one can show that the mass deformed theory is invariant
under the whole N/ = 5 supersymmetry deformed by (B.4). This is consistent with
previous results [I§, [7] on mass deformation of the N' = 8 BLG model of SO(4) gauge
group. For the BLG model, the mass terms did not break any supersymmetry despite the
R-symmetry breaking.

Checking the supersymmetry. Let us sketch the proof of the full N'= 5 invariance.
We work order by order in m. The O(m?) terms in §£ arise from § of the boson mass term
and dpass Of the fermion mass term.

0L) 2 = —wapm?@LCP50E + imwap Ve (CT5) 0nass U5
_ 2(I)A0aﬁ “/\IJB LD \IJA cT af T Y 5(I)B _ B
- wABM « 775 ¥ +m WAB a( 5) ( 5)[6 77’y 6 0 ( 5)
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The O(m) terms fall into two types, one proportional to mn¥D® and the other to
mnU®3. The terms of the first type arise from § of the fermionic mass term and s
of the fermionic kinetic term, and are easily shown to cancel each other. The remaining
O(m) terms are given by

5L = 2mim

((T5)en (M), (T™)5 = 2(T5) e (M) 0 (T™)5°)
(2(05), (Mun)d 0 (T™)57 + 2(05) 5 (M) (T™) 57
2mim

+? (3(P5)fy€nsp(Mm)pa(jm)a’y - 6(F5)5’y(\7m)'ya(Mm)apan) ) (BG)

2mim

_l’_

where the three lines in the right hand side correspond respectively to d of the fermion

mass term, 0 of the quartic potential term and 0. Of the Yukawa interaction. It appears

difficult to show that this vanishes, but since we know it vanishes when naﬁ is proportional

toI'y,..., Ty, we only need to check that it vanishes when n ~ T's.
N = 6 mass deformation

Following the lifting procedure in section fl, one can show that the mass deformed La-
grangian is given by

Linass = —m?®GP4 + im¥ o (CT5C) %047

F IO (M) ] 26,0(05).5 4+ (050)an O + Can (€T} (BT)

We regard @4 as a SO(6) left-handed spinor and ¥4 as a right-handed spinor. Introducing
the six-dimensional Gamma matrices

one can write L, in the following form
L = —mﬁﬁ@é — m\T/aA(p%)o‘ﬁ\I/Aﬁ

T M™% (M) {20, 2(556). — (25 (06) + () (05) } . (B9)

The deformation to the supersymmetry transformation rule is
5mass\I’aA = m(C’I‘sc’)aBnﬁVq);’? = im(p56)aﬁnﬁﬂy¢¢ . (BlO)

The mass deformation breaks the SO(6) R-symmetry down to SO(4) x SO(2). But this
deformation preserves all N' = 6 supersymmetry, since the SO(2) relates the sixth super-
symmetry with the fifth one which has been shown to be the symmetry. See [, [(] for
related discussions.
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